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In this work we investigate the duality linking standard and tachyon scalar field cosmologies. 
We determine the transformation between standard and tachyon scalar fields and between their 
associated potentials, corresponding to the same background evolution. We show that, in general, 
, the duality is broken at a perturbative level, when deviations from a homogeneous and isotropic 

background are taken into account. However, we find that for slow-rolling fields the duality is still 
preserved at a linear level. We illustrate our results with specific examples of cosmological relevance, 
(~| , where the correspondence between scalar and tachyon scalar field models can be calculated explicitly. 
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INTRODUCTION 



The study of cosmic duality has shown to be very useful in particular in the understanding of the correspondence 
^ • between different families of inflationary and dark energy models. Also, in field theory and string theory dualities 

■ have been used to obtain quantitative predictions in various limits in some cases with interesting implications to 
cosmology 0] . In a Friedmann- Robertson- Walker Universe (FRW) the equations of motion for the evolution of the 

■ total density field are invariant under the duality transformation linking a standard expanding cosmology dominated 
by quintessence and a contracting cosmology with phantom behavior [3] . This duality has been generalized in order 

\^ • to include more complex dark energy models, in particular those where an interaction between dark matter and dark 
] energy fluids is present. In all these models the duality may occur at the background level but is generally broken at 
. a perturbative level. 

\ I ' Cosmological scalar fields are expected to be relevant both at early and late times both in the context of primordial 
^ , inflation and dark energy, respectively. In Q Padmanabham noted a possible correspondence between a minimally 
k>( coupled quintessence scalar field and a tachyon field described by a specific Lagrangian, suggested by Sen @ , in the 
rS context of string theory. Such correspondence was also explored by Gorini et al. in Q , which explicitly demonstrated 
' that distinct scalar field and tachyon models may indeed give rise to the very same cosmological evolution, provided 
some general assumptions are satisfied [1, H Hi • In the present work we return to this issue, focusing on a large class 
of models for which the first-order formalism described in [l^ can be applied. This framework has been very useful to 
investigate exact analytical solutions in the context of supergravity , branes [l^, [HI and more recently in cosmology 

The outline of this paper is as follows. In Sec. II we consider FRW models with a generic scalar field and show that 
there is always an infinite set of scalar field models consistent with the same background evolution but, in general, with 
very different sound speeds. In Sec. Ill we explore, at the background level, the duality between standard quintessence 
and tachyon scalar field cosmologies. In Sec. IV we investigate the correspondence between standard and tachyon 
scalar field cosmologies in an inflationary phase in the early universe, considering not only the background evolution 
but also the spectra of scalar and tensor perturbations generated during inflation. In the end of the section we give 
two specific examples where the correspondence between scalar and tachyon scalar field models can be calculated 
explicitly. Throughout this work we use units in which AttG = 1. 
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II. FRW MODELS WITH A GENERIC SCALAR FIELD 



In this paper we shah consider models with a real scalar field, %, minimally coupled to gravity with the action 

[ d'^xV^ (-Ir + £{x,X)] , (1) 



4 

where X = The energy-momentum tensor of the real scalar field can be written in a perfect fluid form 

Tf"" = {p + p)u''u'' - pg''" , (2) 

by means of the following identifications 

- - ''-2XC^x-C, p = C{X,x). (3) 



V2X 

In Eq. is the 4- velocity field describing the motion of the fluid (for timelike while p and p are its proper 

energy density and pressure, respectively. The equation of state parameter, w is 

p C 



w — — = 



p 2X£^x - C ' 
and, if C^x 7^ 0, the sound speed squared is given by 



(4) 



P,x C^x + 2XC^xx ^ ^ 

If X is a small quantity, compared to the energy density associated with the scalar field potential, then a generic 
Lagrangian is expected to admit an expansion of the form flij 

C = -V{x)+fix)X + g{x)X^ + .:, (6) 
where / and g are functions of %. Consequently, 

cl^l~4^X + ..., (7) 

where we are implicitly assuming that / ^ for all relevant values of the scalar field x- Hence, ~ 1 as long as 
second and higher order kinetic terms can be neglected in Eq. 

Consider a flat Friedmann-Robertson- Walker background with line element 

ds^ = dt^ - a^{t) {dx^ + dy^ + dz^) , (8) 

where t is the physical time and x, y and z are comoving spatial coordinates. Einstein's equations then imply 

^ r^P, (9a) 

H = -ip + p), (9b) 

where H — d/a is the Hubble parameter and a dot represents a derivative with respect to physical time. Energy- 
momentum conservation leads to 

p=-3H{p + p). (10) 

This is not an independent equation since it can be obtained using Eqs. ([5a|) and (j9b[) . Given initial conditions for 
p the dynamics of the universe is completely determined by w{a). However, this is insufficient to determine C{x,X) 
since there is always an infinite set of scalar field models consistent with a given background evolution. This may be 
accomplished for example by adjusting a potential for the scalar field, as long as the model allows for the given u;(a). 
On the other hand, the background dynamics fully determines the equation of state parameter 

2H 

- = -1+3^. (11) 

The same applies to the sound speed, but only if the pressure is a function of the density alone {p — p{p)). In that 
case 

cl = -l + lJ^. (12) 

For slow- rolling fields this would lead to ~ — 1 which would generate instabilities in the model. However, in general, 
the background dynamics does not determine the sound speed as will be shown in the following section. 
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III. STANDARD AND TACHYON SCALAR FIELD COSMOLOGIES 

In this paper we shall investigate the duality between two families of scalar field models described by the Lagrangians 

£ = ^0,^0''^ - , (13a) 



/: = -c/(^)v/r^VvV^, (13b) 

where V and U are the potentials for the standard and tacliyonic real scalar fields, (j) and '0 respectively. The equation 
of state parameters for the standard and tachyon fields are 

w^^-l + ij\ (14b) 

assuming they are homogeneous. On the other hand, the sound speed squared is = 1 for the standard scalar 
field and = — w in the case of the tachyon field. This makes the tachyon field an interesting unified dark energy 
candidate since — > when w — >■ allowing structures to grow in that limit. In fact, if J7 is a constant then the 
tachyon model reduces to the standard Chaplygin gas model 15|. Note that tp'^ < 1 and consequently — 1 < w^j, < 0, 



for the standard scalar field, and 



while — 1 < w,p < 1. Hence, the duality between standard and tachyon scalar field cosmologies can only be effective 
for w < 0. 

Eqs. (Pa|) and (|9bp can now be written as 

H'^^4>' + ^V, H^-4>\ (15) 

H'^\^=, H = -^=U, (16) 
for the tachyon field. 

Within the first-order formalism introduced in ref. [l^ , the correspondence may be obtained explicitly. The starting 
point is to assume H is a, function of either </> or "0 alone, or equivalently that there is only one value of H corresponding 
to each value of (or tp). This assumption is satisfied in many situations of cosmological interest but is not valid in 
general (for example if (j) (or -0) is oscillating around a minimum of the potential). However, it will be satisfied in the 
case of slow-rolling scalar fields. Using Eqs. ([T5|) and (fT6|) one obtains 



= -H^^ , (17a) 
3lP 



and the potentials 



VW = |H2-ffis>!, (18a) 



for the standard and tachyon scalar fields, respectively. 

The correspondence between (p and tp can be made explicitly by taking into account that Eqs. (|17aP and (|17bp 
imply that 



so that 



• = ±^^jHd^, (20a) 
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Expanding Eq. (jl8bl) up to first order terms in (H,^)'^ / H"^ and using Eq. ([19]) one obtains 
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(21) 



Consequently, for slow-rolling fields, the scalar field potentials V and U are approximately the same. 

Note that the knowledge of H{(j)) ( or H{^)) completely determines V{(j)) ( or U{tp)) but the reverse is not true. 
This is a result of the freedom to fix the kinetic energy of the scalar field at a given initial time, for a given scalar 
field potential. Given and a particular H{(j)), the solution H{(j)) = H{4>) + AH{4>) is also possible with the same 
potential as long as 

^{AHf + SHAH - ^(Ai/.0)2 + H,^AH.^ = . (22) 
However, in general, this change in H{(j)) will lead to a modification of the corresponding potential. 

IV. DYNAMICS OF INFLATION 

Up to this point the discussion has been fairly general with few assumptions being made about the dynamics of the 
universe. In this section we shall investigate the correspondence between standard and tachyon scalar field cosmologies 
during an infiationary phase in the early universe. This is essential for establishing a correspondence between the two 
theories since the classical fluctuations we observe in the universe today are expected to have been generated during 
inflation. 

A. Slow-roll parameters and sound speed 

We start by defining a set of first order slow-roll parameters, expressed as a function of H and its time derivatives, 
as [III 



(-l)"d"ff f(P-^H\ ^ 



H df" 



(23) 



where n > land d^H/dt^ = H . These parameters can be written either as a function of the standard or the tachyonic 
scalar field, namely 



ei = - 



(24) 



£2 



H 

HH 



2H , 



H 



H 



H^ 



H^ 



(25) 



H 2H, 



£3 = -- 



HH 



H 



H.tjiH^^^^ 
HHaa, 



AH^H^,, + 2H'^ H^jjHm^, — IQH H\H M — 10i?t, 



HH M — H'] 



(26) 



The sound speed can be expressed in terms of the slow-roll parameter ei. Using Eqs. (O, (|6]), (j9bl) and (|24)) one can 
show that 



H = -H^ei = -2XC,x ~2Xf , 
where the approximation is valid up to first order in X. Then, using Eq.©, one obtains 



(27) 



c» ~ 1 iT^ei ~ 1 — ciei , 



P 



(28) 



again up to first order in X. Here, ci is a constant which is equal to for a standard scalar field and 2/3 for a tachyon 
field. 
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B. Scalar and tensor perturbations 

The spectra of scalar and tensor fluctuations at horizon crossing {V-n and Vg , respectively) produced during inflation 
has been calculated in [IQ] (see also [2(|). Up to first-order in the slow-roll parameter ei 



Vn{k) = [l + 2(a + l-ci) ei+aea] X 

k=aH 



k=aH 



Vg{k) = [l-2(a + l)ei] X 



(29) 
(30) 



where a = 2 — ln2 — 7~ —0.7296 and 7 is the Euler constant . 

The scalar spectral index n, the tensor spectral index tit, and the tensor-scalar ratio r, defined by 

dink ' d In fc ' Viz 

were also calculated in [Tij up to second order in the slow-roll parameters: 

n = 1 - 2ei - 62 - [2el + {2a + 3 - ci)eie2 + aezeg] , (32a) 

nr = -2ei [l + ei + {a + 1)62] , (32b) 

r = 16ei[l + ae2 — cici] . (32c) 

This shows that, up to first-order in the slow-roll parameters, the spectral indexes are not sensitive to sound speed. 
The difference between two dual theories (at the background level), (a) and (b), only appears at second order in the 
slow-roll parameters: — n** = (c° — c\) €162, — nij- — 0, r°- — = lQ{c\ — cj) ef. If (a) and (b) represent standard 
and tachyon scalar field inflationary cosmologies then c° = and c\ — 2/3 which implies that n"- — n}' ^ —2 6162/3, 



n!^ = 0, - r*" = 32 6^/3. 



V. EXAMPLES 

In this section we shall compute the correspondence, at the background level, between tachyon and standard scalar 
field cosmologies for two specific classes of models of cosmological interest for the dynamics of inflation. 

A. Example 1 

Consider H{4>) = Ae~^'^ + C, where A > 0, B > and C > are constants. Then, Eq. (|18a|) implies that the 
standard scalar field potential is given by 

F(0) ^ ^^2(3 - B2)e-2S0 + SACe-^'f' + ^C^ , (33) 

with 

= 1 In (AB' [t - to) + e^^°) , (34) 

which simplifies to cj) — B~^ hi{AB'^ t) if we choose, without loss of generality, initial conditions such that (p — > —00 
when t — >■ 0. In this case, we have 



F=-^ + C, (35) 



and we obtain the following power law solution for the evolution of the scale factor with the time 

a{t) = (t/to)'/^' e^(*-*«) , (36) 
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where the scalar factor has been normaUzed to unity at the time to > 0. Hence, the universe is always accelerated 
(a > 0) for t > if C = and S < 1 or if C > and B < 1. If C > and B > 1 then inflation only occurs for 
t>ti = {B- l)/CB^. 

If C = and B ^ \/3, the dual tachyon field is 



and the corresponding potential is given by 



UW-\I^-Ib^^. (38) 

In this case the potential (pS)) reduces to the simple exponential form considered in [2^, which corresponds to the 
tachyon potential (|38| studied in ^sf . On the other hand, if C 7^ and B = -s/S, the first term of the potential given 
by Eq. ([55]) vanishes. In this case the dual tachyon field is given by 

^ = ±^^\n{A + Ce^'i') , (39) 
and, for A << 1, the corresponding potential becomes 

U{iP) = ^C^ (1 + 2Ae-°^) , (40) 

with D = 3/V2C. 

The slow-roll parameters for the first example are 

ei = SV(l + ^e^^r, (41) 

£2 = — 2ei and €3 = 3ei. The beginning and the end of inflation is defined by the condition a = (or alternatively ei = 
1). For C > and B > 1, inflation starts when t>ti = {B-1)/CB'^, which corresponds to (pi = In {A{B - 1)/C) /B. 
The number of e-foldings since the beginning of inflation is given by 

with t > ti and (ti> cbi. 



B. Example 2 

Here we consider a model with 

where A > 0, B > and n are real constants. We shall assume that the model is valid only for > 0. From (|18ap we 
obtain the potential 

V{(l)) = ^ (^(/)2" + B)^ - A^^'*"-^ , (44) 

If i? = and n = 1/2 the potential becomes the simplest polynomial potential often employed in the study of chaotic 
inflation [2l|, and if _B = and n = —1/2 it reduces to the Harrison- Zel'dovich potential obtained in Ref . |22i] . The 
evolution of (j) with physical time is given by 

/ ,xl/(2(l-n)) 

(j)= i^4n{n^l)At + <j>f^^'''j , (45) 

where we take to — and 0o > 0. Using (|43l) and normalizing the scale factor at t = so that aq = 1, one obtains 

a{t) = exp ^- (4:n{n - l)At + cpl^^""^^ ^^'^ /(4nA) + Bt^ . (46) 
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If n > 1 then t ^ ~ ^q*-^ "''/(4n(l — n)A) < implies that (j) ^ oo with H oo and V — ?► cxo. If n < then when 

t = — (/fg*-^ "■'/(4n(l — n)A) < we have = and (j) — ~H^^ — 0. At this point the first order formalism described 
in Sect. Ill ceases to be valid. In both cases inflation may only occur at late times, when V constant. If < n < 1 
then when t — — ^q*-^ "''/(4n(l — n)A) > we have (p = and 4) = — = 0, if n > 1/2, or if) = —H^^ = oo, if 
n<l/2. 

If n = 1 then 

and 

a{t)= exp(^g(l-e-4-^*)+Bt) . (48) 

The case with n = is trivial, with </> = (/>o, H = Hq and = Vq at all times. 
The slow-roll parameters are given by 

£i = / .^ , o^i-2„A2 ' (49a) 



{A(t> + Bq 


(,l-2ri')2 


-4n(2n 


-l)A 


A</>2 + Bi 




4n(3n - 


-2)A 


A(/>2 + Bi 





A(^2 + 502(l-n) ' (49c) 

and a necessary and sufficient condition for inflation to occur is ei < 1 or equivalently A(j) + B<j>^~'^"' < 2\n\A. 

The relation for the dual tachyon field, in terms of the standard scalar field, depends of n and B. For n 1/2 and 
B — 0, the dual tachyon field is 

f2 (6l-2n 

and the corresponding potential is 

1 /2 

where D = ■\/3/2 ^4(1— 2n), which, recently [1^ was considered to describe intermediate inflation, for < 1/(1— n) < 1. 
For n = 1/2, the dual tachyon field is 



and the corresponding potential is 



V' = ±y^^ln(A(/. + i?), (52) 



1/2 

[/(V-) = ^e^^^ ( 1 - ^^2g-2DV. j ^ (53) 



2 V 3 



where D = ±-y/3/2 A, which for _D > reduces to the exponential form at large ip. For n = 1 and B ^ 0, the dual 
tachyon field is 



3AB 

and, for \B\ > 2/3, the corresponding potential is 



ip = ±\l — - — arctan I W — (j) \ (54) 



-72 „„„4 ' ^ . N / , 2 ^ 



[/(V-) = -i?2 sec^(i?V) ( 1 - -- sin2(2i?V) ) , (55) 



1/2 



where D = y^3AB/2. 
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VI. ENDING COMMENTS 



In this paper we have shown that, as long as «; < 0, for each tachyon scalar field cosmology there is a standard 
scalar field model which leads to the same backgroimd evolution, and we have explicitly determined the associated 
transformation between the models. This correspondence, is broken at a perturbative level for w ^ — 1 since the 
models have diflFerent sound speeds (c^ = 1 and = —w for standard and tachyon models, respectively). Still, we 
have demonstrated that for w ~ — 1, the correspondence remains valid, even at a perturbative level, up to first order 
in the slow-roll parameters. In particular, in the inflationary regime the two models generate identical spectra of 
scalar and tensor perturbations, up to first order in the slow-roll parameters, thus leading to very similar cosmological 
signatures. We have explicitly determined the correspondence, at the background level, between tachyon and standard 
scalar field cosmologies for two specific examples of cosmological interest. 

The authors would like to thank CAPES, CNPq, FAPESP, Brasil and FCT, Portugal for partial support. 
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